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A spherical pore model for calculating the zeolite cavity radius and the potential
energy of interactions of noble gases (Ar, Kr, Xe) is presented. The model utilizes
the gas adsorption isotherm and equates the free energy change upon adsorption to
the potential energy of interaction of the gas molecules with the zeolite cavity. The
results obtained for the cavity radius using Ar, Kr, and Xe adsorption isotherms
are in excellent agreement with those of the cavity radius for 54, 13X, and Y zeolites
obtained from crystallographic data. Also, the average potential energies of inter-
action of these gases with the surface atoms of the zeolite cavities, calculated from
the isotherms and the spherical pore model, compare reasonably well with the internal
energies determined from the experimental heats of adsorption.

Introduction

The adsorption isotherms of gases on molecular sieve zeolites
provide valuable information in determining molecular forces
between the gas molecules and the adsorbent atoms. The var-
ious model equations for the adsorption of gases on zeolites
have been reviewed by Yang (1987). However, these equations
do not always predict the isotherms for adsorption of noble
gases (Derrah and Ruthven, 1975; Rowley et al., 1976). In
addition, the interaction of the gas molecules with the adsor-
bent atoms brings about some uncertainties as to the nature
of the various forces operating at the molecular level (Sin-
anoglu and Pitzer, 1960). More recently, computer simulations
have been made to elucidate the behavior of adsorbed mole-
cules on solid surfaces. Rowley et al. (1976) performed com-
puter simulations for molecules adsorbed on flat surfaces. The
results from such simulations were then used in determining
important parameters that are characteristic to a given gas-
solid system.

Monte Carlo simulations (Stroud 1976; Metropolis et al.,
1953; June et al., 1990) have been used to evaluate the ad-
sorption isotherms and thermodynamic properties of various
adsorbates in molecular sieves. In addition, Peterson et al.
(1988) used the grand canonical Monte Carlo method or mo-
lecular dynamics method and mean field density functional
theory to evaluate adsorption isotherms and phase transitions
for a Lennard-Jones fluid in cylindrical pores. Woods et al.
(1988) used a virial expansion and direct calculation of the
partition functions in calculating thermodynamic and struc-
tural properties for fluids adsorbed in zeolite cavities. Adams
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(1975) used a Monte Carlo simulation technique to calculate
the equilibrium properties of fluids having ‘‘soft’’ pair poten-
tials, while Kiselev et al. (1981) calculated the thermodynamic
properties of various gases (Ar, Kr, Xe, O,, N,) adsorbed on
13X and Y zeolites via molecular statistical techniques.

Everett and Powl (1976) have calculated the potential energy
profiles for atoms adsorbed in slit-like pores and showed the
enhancement of the depth of the potential energy well over
that for adsorption on a flat surface. Using a slit model, Hor-
vath and Kawazoe (1983) provided a method for the calculation
of effective pore-size distribution from the adsorption iso-
therms in molecular sieve carbon. The Horvath and Kawazoe
model was later used by Venero and Chiou (1988) to char-
acterize SA and Y zeolites by gas adsorption at low pressures.
Although the slit model used by Venero and Chiou is inap-
propriate for zeolites, these authors were able to obtain pore
sizes that compared reasonably well with the molecular sieving
properties of these zeolites.

Soto et al. (1981) modified the Lennard-Jones and Dev-
onshire (1937) theory of liquids to calculate dispersion forces
of noble gases in 5A and 13X zeolites via the configurational
integral. These authors were able to calculate the cavity radius
and the potential energy of interactions from the isotherms of
noble gases. However, their approach produced results for the
cavity radius that deviates from the cavity radius obtained from
crystallographic data.

In this work, we have developed a spherical pore model,
analogous to the slit model of Horvath and Kawazoe for cal-
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culating the cavity radius of zeolites possessing identical spher-
ical cavities (e.g., SA. 13X and Y), and we show with the aid
of the adsorption isotherms (Ar, Kr, Xe) how to calculate the
potential energy profiles for noble gases adsorbed in 5A, 13X
and Y zeolites. This approach is quite simple in comparison
to other methods (e.g., Monte Carlo and molecular dynamics)
that have been used for relating macroscopic properties to
intermolecular forces in gas-solid systems.

Theory
Review of slit model

The slit-potential model of Everett and Powl (1976) is used
frequently for adsorption in microporous carbon since the
pores in such materials are slit-like. This model was later ex-
tended by Horvath and Kawazoe (1983) by assuming a slab
geometry with the slit walls consisting of two infinite graphitic
planes. Excellent reviews of these theories are available in Saito
and Foley (1991) and Suzuki (1990). Only a brief outline is
given here. Everett and Powl (1976) showed that the potential
energy of interaction, ¢, between one adsorbate molecule and
two parallel lattice planes whose nuclei are at a distance L
apart can be expressed via the Lennard-Jones potential as:
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and K = 3.07. A schematic for the slit pore (Saito et al., 1991)
is given in Figure 1A.

In the case of more than one adsorbate molecules, the value
of ¢* in Eq. 1 is:
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where the dispersion constants are given by the Kirkwood-
Muller formalism as:
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By combining Eqs. 1 and 2, the potential function for the slit
pore filled with adsorbate molecules can be written as:
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Figure 1. A, Slit-like pore geometry; B, cylindrical pore
geometry.

The shaded circles, adsorbate atoms; open circles, oxygen atoms
in the adsorbent surface
Courtesy of Saito and Foley (1991)

Horvath and Kawazoe (1983) used an energy balance and
equated the free energy of adsorption to the net energy of
interaction between the layers. Their result can be written as:

L—dy
e(z)dz
R,T In(P/Py) =Ny, ————— @)
daz

dy

Substituting Eq. 3 into Eq. 4, the Horvath and Kawazoe (1983)
result for slit-like geometry becomes:

NaA4+ NoA,
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Review of cylindrical model

In the case of cylindrical pores, Everett and Powl (1976)
made the following assumptions:

® The cylindrical pore has finite radius (R) and infinite length
(high aspect ratio, L/D).

¢ The inside wall of the cylinder is made up of a single layer
of atoms (e.g., oxide atoms in the case of zeolites).

The results for the potential energy of interaction, e(r),
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between the adsorbate molecules and the inside wall of the
cylinder are:
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where R denotes the radius of the cylinder (see Figure 1B), ¢*
as defined in Eq. 2, and r represents the distance of the gas
molecule from the central axis of the cylinder. Saito and Foley
(1991) assumed that adsorption occurs only on the inside wall
of the cylinder in the micropore region, and the interactions
upon adsorption are approximated by the interactions between
the gas molecules and the solid (adsorbent). By equating the
free energy of adsorption to the average intermolecular po-
tential in the cylindrical pore, and using an area average defined
as:

2% AR-dy
S S e(r)r dr do
0

[
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0
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Saito and Foley (1991) obtained the following cylindrical pore
model result:
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Now we proceed to the development of the spherical pore
model that is appropriate for zeolites possessing identical
spherical cavities.

Spherical pore model

The atoms and ions forming the walls of the cavities in 5A,
13X and Y zeolites lie in polyhedral shells that may be ap-
proximated by spheres. Also, these zeolites can be considered
to be a collection of identical cavities (Breck, 1974; Brousard
and Shoemaker, 1960). The adsorption of gases in these zeolites
can be considered as sorption in spherical cavities. And, the
free energy of adsorption can be related to the energy of in-
teraction of the adsorbate molecules with the walls of the zeolite
cavities. Since these zeolites possess identical spherical cavities,
the model equations are developed using one spherical cavity.
The steps in developing the model equations are as follows:
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® The potential function is derived for one adsorbate mol-
ecule interacting with the atoms in the wall of the zeolite cavity.

® The relationship between the free energy of adsorption
and the potential function is determined. This step will give
the result analogous to Eq. 4, which upon integration will give
an equation corresponding to Eq. 5 or 10.

® The results in the previous steps are used in conjunction
with the isotherm and the Lennard-Jones potential function
to determine the final equations.

The first step is the most difficult; however, the problem is
simplified tremendously by making the following assumptions:

o All the surface atoms of the cavity wall are located at the
same distance from the center of the cavity.

¢ The interaction between the gas molecule with the atoms
of the cavity wall can be represented by the Lennard-Jones
12:6 potential.

o The dispersion and repulsive contributions to the potential
energy can be considered spherically symmetric. Thus, the
atoms of the cavity can be replaced by a uniform, continuous
distribution of centers of force, and the summation of pair
potentials can be replaced by integration. Such an approxi-

mation resulted in < 10% error as revealed by Soto et al. (1981).
The Lennard-Jones 12:6 potential can be written as:

Tp=4epl(0/r)? ~ (/1) (11)

where T, is the Lennard-Jones 12:6 potential for the inter-
action between molecular species of 1 and 2. The interactions
between the zeolite cavity wall, consisting of a single lattice
plane (SLP), and a single adsorbate molecule of 1 in the gas
phase, a distance (R-z) from the curve-plane of surface nuclei
is obtained readily by integrating Eq. 11 over the cavity internal
surface. Thus,

2T k.
Ty sp= S S nJt,(z, 0)R2 sin 6 df d¢ (12)
0

0

where R is the cavity radius, z is the radial distance of the

X

Figure 2. Spherical pore geometry.
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adsorbate molecule from the center of the cavity (see Figure
2), and n, is the number of oxygen atoms per unit area on the
cavity surface. We have implicitly assumed in Eq. 12 that only
oxygen atoms on the surface of the cavity wall interact with
the gas molecule. According to Kiselev (1985), the frame-work
silicon/aluminum atoms do not interact significantly with the
adsorbate molecules, since the adsorbate molecule is sur-
rounded by a latticework of framework oxygen atoms, and
the silicon/aluminum atoms located at the centers of SiQ,/
AlQ, tetrahedra are more recessed from the center of the zeolite
cavity, giving negligible contribution to the total potential en-
ergy. In addition, we rely on our model regression parameters
to correct for such an approximation. Substituting Eq. 11 into
Eq. 12, eliminate r using

rP=R*+z'—2Rz cos 0
(see Figure 2) and carrying out the integration gives the po-
tential energy of one adsorbate molecule interacting with the

atoms of the cavity wall. The resulting equation is:

r 1,SLP

= @R )_&61/ R T
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Equation 13 can be written in the following alternative form:

12 6
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where
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(15)
and
o 142/R?
M(Z*/R ) =02/ (16)

Equation 13 or Eqs. 14-16 correspond to the Lennard-Jones
and Devonshire (1937) results that were obtained from the cell
theory of fluids.

Now we proceed to the second step in the model develop-
ment. The net energy of interaction (I',,) inside the zeolite
cavity is given by:

R—dy
S F],SLP(Z)4TZZ dz
0

T

a7

net =

R—d,
S 4nZ dz
(1]
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where T', 5, is given by Eq. 13 or Eq. 14-16, and Figure 2
shows the geometry and the various parameters of the spherical
pore, where d, is defined as:

1
dy=> (d,+d,) (18)

Substituting Eq. 13 into Eq. 17 and performing the inte-
gration give:
6Ne,,R®
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271 1
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R R
Equations 19-23 can be written in the following alternative
form:

R 2
Toe = Neys (ﬁ)
0,

6 12
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where the equations for M, and M, are given by:

25

My=—r— (26)

and the equations for L, and L, by:
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The collision diameter, o, appearing in Eq. 24 is defined
as:

28)

1
Uls=5 [0y + 0] (29)

If the free energy of adsorption is equated to the net energy
of interaction between the adsorbate molecules and the atoms
of the zeolite cavities, the energy balance yields:

m £ = (11,000/g1 <= Ne, ) (=2~ 21‘ (30)
Po_ ’ q RgT €1s R—do net

where g is the amount adsorbed in mmol/g, » is the number
of cavities in one gram of zeolite, and T, is given by Eqs. 24—
28. If we treat ¢ (mmol/g) as the independent variable, and
In(P/P,) as the dependent variable, we can use the isotherm
data of the adsorbate to solve for the two unknowns, namely

1,000 %, Ne,,, and the cavity radius (R)

4

A nonlinear least square regression algorithm was used to
determine these two unknowns; and since the values of 7 are
known for 5A, 13X, and Y zeolites, the values of Ne, are
calculated for each of the adsorbates. These values are then
used in Eqgs. 14-16 to compute the potential energy functions
of the various adsorbates in the zeolite cavities. In addition,
the average potential energies can be calculated readily from
Eqgs. 24-29.

Adsorption Isotherms

The adsorption isotherms of noble gases (Ar, Kr, and Xe)
on 5A, 13X and Y zeolites were used to illustrate the usefuiness
of the spherical pore model in calculating the cavity radius and

Table 1. Physical Properties of Noble Gases and Parameter
Values for Eqs. 31-34

Adsorbate T,,, T. P. T, ~T) WI) P,
K K atm atm
Ar 87.5 150.7 48.0 0.581 2.138 0.386 1.0
Ar 87.5 150.7 48.0 0.581 2.138 0.386 1.0
Kr 120.7 195 54.3 0.932 0.216 0.031 35.77
Kr 120.7 195 54.3 0.970 0.093 0.013 45.33
Xe 165.9 289.6 58.0 0.736 1.036 0.165 8.173
AIChE Journal June 1991
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the potential energy function. The isotherms were taken from
the literature. The isotherms of argon on 5A and Y zeolites at
87.5 K were obtained from Venero and Chiou (1988). The
isotherms for Kr on 5A zeolite at 195 K from Mahajan and
Walker (1969), and on 13X zeolite at 203 K from Rees and
Williams (1964). The isotherm for Xe at 213 K on 13X zeolite
was taken from Aristov et al. (1966). Some of the isotherms
were given as the amount adsorbed as a function of pressure,
whereas In(P/Py) is given in Eq. 30; therefore, one must es-
timate the vapor pressures for some of the adsorbates at the
adsorption temperatures. The Riedel correlation (Reid and
Sherwood, 1958) was used to estimate the vapor pressures of
the noble gases. The single-constant reduced-vapor pressure
equation is:

logio (%) —&(T)) + (a—DW(T}) &)
where
$(T,) =0.118v(T,) — Tlog,, T, (32)
W(T,) =0.0364+(T,) log,eT, 33)
¥T7;) =¥+421nT,—35— TS (34)

In applying the Riedel correlation using Eqgs. 31-34, the con-
stant o was calculated first using data of the normal boiling
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Figure 3. Adsorption isotherms of noble gases on 5A
zeolite.
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Figure 4. Adsorption isotherms of noble gases on 13X
and Y zeolites.

point of each adsorbate. Then, the vapor pressures at other
temperatures were readily calculated. The results from the
Riedel correlation are summarized in Table 1. Also included
in the table are the physical properties of argon, krypton and
xenon used in the calculations. Once the vapor pressure at the
adsorption temperature for each of the adsorbates was deter-
mined, the corresponding isotherms were replotted to enhance
usability. The replotted isotherms are displayed in Figures 3
and 4.

The collision diameter o, in Eq. 24 was estimated from Eq.
29, where the subscript I refers to the adsorbate molecule, and
the subscript s to the oxygen atom in the cavity wall. From
crystallographic data of Brousard and Shoemaker (1960), the
average distance between the oxygen atoms in the cavities of
5A and 13X zeolites is 0.276 nm, and this value was used for
g,. The values of 5, the number of cavities per gram of zeolite
(5A, 13X, Y), are given by Breck (1974), which are listed in
Table 2. The values o,, for the noble gases are listed in Table
3.

Results and Discussion

The results obtained from a nonlinear least square regression
algorithm in solving Eq. 30 are given in Tables 2-3. In Table
2, the cavity radius was determined using different adsorbates
and Eq. 30. The results indicated no preference for any of the
adsorbates used in the calculation of the cavity radius. In
addition, the cavity radius obtained from the spherical pore
model is in excellent agreement with the results of 0.7040 nm

Table 2. Cavity Parameters for Molecular Sieves 5A, 13X and
Y Zeolites, Spherical Pore Model*

S5A 13X Y
R, cavity radius, nm  0.70 (Ar) 0.70 (Kr) 0.71 (Ar)
R, cavity radius, nm 0.71 (Kr) 0.71 (Xe) —
7, cavities/g 3.59%10%°  3.64x10° 3.64x10%°
Oy, M 0.276 0.276 0.276

*The adsorbates used in calculating cavity radius for various gas-solid systems
are indicated in the parentheses.
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Table 3. Potential Energy Parameters for Gases Adsorbed in
Molecular Sieves 5A, 13X and Y Zeolites: Spherical Pore

Model
Ne/k (K)
Adsorbate gy, (nm) SA 13X Y
Ar 0.335 27,244 — 17,586
Kr 0.357 33,734 23,320 —
Xe 0.390 — 22,647 —_

and 0.7057 nm reported for zeolites SA and 13X, respectively
(Breck, 1974; Brousard and Shoemaker, 1960).

The potential energies for the noble gases interacting with
the zeolite cavities (SA, 13X, and Y) were calculated using Eqs.
14-16 with the values of Ne,, obtained from the spherical pore
model. The results obtained for the potential energies are dis-
played in Figures 5-6.

The advantage of calculating potential energies of interac-
tion in zeolite cavities via the spherical pore model is to avoid
the necessity of using the formulae that are frequently used
for evaluating the dispersion constants. Derrah and Ruthven
(1975) have used the Kirkwood-Muller, Slater-Kirkwood, and
London formulae to estimate the potential energy functions
of noble gases in 5A zeolite. They have shown that the choice
of the various formulae produced quite different energy pro-
files, and they concluded that for Kr and Xe, the Slater-Kirk-
wood formula gives the best agreement with experimental data,
while the London formula works best for Ar. According to
Walker (1966), there is difficulty in deciding which formulae
to accept in calculating the dispersion constants, but the most
frequently used are those by Slater-Kirkwood, Kirkwood-
Muller, London, Bardeen, and Margenau and Pollard. Gen-
erally, the London formula gives the lower limit of ¢ values,
whereas the Kirkwood-Muller expression yields the upper limit

of ¢ values.
Consequently, the calculated energy profiles obtained with

these different formulae are quite different and sometimes
incorrect. In addition, the choice of which formula to use in
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Figure 5. Potential energy for noble gases interacting
with 5A zeolite cavity.
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Figure 6. Potential energy for noble gases interacting
with zeolite 13X and Y cavities.

evaluating dispersion constants could be dictated by the avail-
ability of experimental data for a given adsorbate/adsorbent
system. For example, in using the London formula, the ion-
ization potentials and the polarizabilities of the adsorbate and
the adsorbent must be available. Thus, the selection of the
formula could be reduced to the availability of experimental
data, which could produce erroneous results for the potential
energy profiles.

The energy profiles of Figures 5-6 show a shift in the location
of the energy minimum for the different gases. Xenon, having
the largest molecular size compared to argon and krypton, will
experience repulsive force much earlier than Ar and Kr when
approaching the wall surface. Thus, argon can approach the
cavity wall much closer than xenon. Therefore, the potential
energy well for xenon is furthest from the cavity wall or closest
to the center of the zeolite cavity.

Walker (1966) suggested that the minima in the potential
energy profiles (Figures 5-6) should correspond closely to the
heats of adsorption at very low coverage (<0.3). However,
since the average potential energies are measured by AU (Der-
rah and Ruthven, 1975), a comparison between the volume-
average potential energies and the experimental AU values
seems more appropriate. The volume-average potential ener-
gies and the potential energy minima obtained via the spherical
pore model are given in Table 4. Also included in the table
are the AU values calculated from the experimental heats of
adsorption (Ruthven et al., 1975; Kiselev et al., 1981). In cal-
culating AU from heats of adsorption, we used

—AH=-AU+R,T (35)

There are noticeable differences between the average poten-
tial energies and the AU values. The differences could be at-
tributed to using incorrect values for the heats of adsorption.
For example, Rees et al. (1964) have shown that for krypton
adsorption on 13X zeolite, the heat of adsorption has a value
of about 16.74 kJ/mol for coverage less than 0.4. However,
at coverage larger than 0.4, a substantial increase in the heat
of adsorption was observed (> 10%). Also, these authors (Rees
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Table 4. Calculated Average Potential Energies and Energy
Minima from Spherical Pore Model vs. AU Values from Ex-
perimental Heats of Adsorption (AH) by Eq. 35

Adsorbate  Adsorbent Energy Avg. AU
Minima Energy (Exp.)
(kJ/mol) (kJ/mol) (kJ/mol)
Ar SA —-22.81 -16.03 —13.33*
Kr SA -30.63 —21.48 —16.12*
Ar Y —14.53 -10.17 —8.61**
Kr 13X —21.52 —-15.71 -13.80**
Xe 13X —-23.72 -17.76 —19.2**

*Ruthven et al. (1975)
**Kiselev et al. (1981)

et al.) have indicated that the heat of adsorption determined
at low coverage increased as the temperature decreased.

In addition, the experimental AU values listed in Table 4
were obtained from isotherms at low coverage (<0.3), while
isotherms spanning a larger range of coverage were used in
the spherical pore model. However, if the values for AU were
obtained from isotherms spanning a larger range of coverage,
a closer agreement between average potential energies and AU
values could be obtained. According to Rees et al. (1964), more
than 10% increase in the AU value was observed for krypton
interacting with 13X zeolite for coverage larger than 0.4. These
complications made it very difficult to accurately compare the
average energies in the potential energy profiles with AU values
obtained from heats of adsorption data at different coverages
and from isotherms at various temperatures. In addition, the
assumptions made in the derivation of the spherical pore model
may partially account for the differences between the average
potential energies and AU values. Nevertheless, the differences
are not too excessive for some gas/solid systems (Ar/Y,
Kr/13X, and Xe/13X). For example, in the case of Xe/13X,
the difference between the average potential energy and the
internal energy (AU) is less than 8%. However, for Kr/5A,
the error is quite large (about 33%). To make a fair comparison
between the internal energies and the average potential ener-
gies, it is suggested that the isotherms used in the spherical
pore model be used in the calculation of the heats of adsorp-
tion. Also, additional isotherms needed for the calculation of
the heats of adsorption be at temperatures that are not very
different (within 100 degrees).

It is obvious from Table 4 that for a given adsorbent, the
energy minimum increases as the size of the adsorbate molecule
increases. Therefore, we should expect the AU value on a given
adsorbent to increase with increasing adsorbate size. By com-
paring the AU values (Table 4) for the Ar/Y, Kr/13X, and
Xe/13X systems, we noted that the AU value increases with
increasing adsorbate size, which is consistent with the calcu-
lated energy minima displayed in Figure 6.
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Notation

A
4
d

dispersion constant
speed of light
diameter of an atom
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d, = arithmetic mean of diameters of the adsorbate and adsor-
bent
—AH = differential molar heat of adsorption
L = distance between the nuclei of two parallel layers in slit-like
pore
m = mass of an electron
N = number of oxygen atoms in the surface of zeolite cavity
N,, = Avogadro’s number
n, = number of oxygen atoms per unit area in cavity surface
P = pressure
P, = saturated vapor pressure of adsorbate
g = amount adsorbed, mmol/g
r = distance between gas molecule and cylinder’s central axis
(cylindrical model) or gas molecule and oxygen atom in the
spherical cavity wall (spherical pore model)
R = zeolite cavity radius
R, = gas constant
T = absolute temperature
—AU = differential molar internal energy
z = distance of adsorbate molecule from the cavity center in

spherical pore model! or from a surface atom in the slit layer
for slit model

Greek letters

e = potential energy of interaction in slit or cylindrical pore
o = polarizability
X = magnetic susceptibility
I' = potential energy of interaction in zeolite cavity
g,; = distance from an atom at zero interaction energy
n = number of cavities per gram of zeolite
0 = angle in spherical coordinate system, 0<f<~
¢ = angle in spherical coordinate system, 0<¢ <27
Subscripts
A = adsorbate
s = adsorbent
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